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Unitary operations are a fundamental component of quantum algorithms, but they seem to be
far more useful if given with a “quantum control” as a controlled unitary operation. However,
quantum operations are not limited to unitary operations. Nevertheless, it is not a priori clear if a
controlled form of these general deterministic quantum operations can be well-defined. This paper
proposes a mathematically consistent definition of a controlled form of general deterministic quantum
operations and, more generally, of quantum combs for utilizing controlled quantum operations and
combs in quantum computation. We propose a “neutralization” comb, which transforms a set
of input quantum operations to the identity operation, and study its controlled form based on our
definition. We propose two new quantum algorithms for universal controllization of divisible unitary
operations utilizing the most coherently controlled neutralization combs.
I. INTRODUCTION
Conditional operations describe a branch of operations
depending on the input and are fundamental elements in
classical and quantum computation [1–3]. In classical
computation, the simplest conditional operation can be
the one taking one bit as a control bit and applying an
operation on a target system if the control bit is 1, oth-
erwise leaving the target system unchanged. A quantum
version of the conditional operation is the controlled uni-
tary operation, which takes one qubit as a control qubit,
and it applies a unitary operation on a target system if
the input state of the control qubit is |1〉 and applies the
identity operation if the input state of the control qubit is
|0〉. In quantum mechanics, an input state of the control
qubit can be taken as an arbitrary superposition of |0〉
and |1〉. For such an input control state in superposition
of |0〉 and |1〉, the output state of the quantum version
of the conditional operation should be also a coherent
superposition of the two branched output states. Con-
trolled unitary operations are widely used in quantum
computation, for example, Kitaev’s phase estimation al-
gorithm [4] and deterministic quantum computation with
one clean qubit (DQC1) [5].
Recently, the effects of a quantum switch [6], trans-
forming quantum operations to a causally indefinite
quantum operation given by a controlled superposition
of differently ordered operations, for general quantum
operations have been analyzed. It is reported that the
generalized quantum switch enhances the communica-
tion capacity of the input channels, including the com-
pletely depolarizing channel [7–9]. While some allude the
enhancement to the indefinitely causally ordered aspect
of the quantum switch, others claim that such a phe-
nomenon can happen in systems exploiting coherently
∗ dong@eve.phys.s.u-tokyo.ac.jp
† soeda@phys.s.u-tokyo.ac.jp
‡ murao@phys.s.u-tokyo.ac.jp
controlled quantum operations without causally indefi-
nite elements [10, 11]. Properties of the controlled quan-
tum operations for general deterministic quantum oper-
ations depend on the definition, but what should be an
“appropriate” definition for controlled quantum opera-
tions is yet well established.
Quantum algorithms are not necessary consisting of
unitary operations. There are quantum algorithms utiliz-
ing quantum measurements to induce state transforma-
tion, such as in quantum metropolis algorithm [12] and
measurement-based quantum computation [13]. Quan-
tum combs, a higher order quantum operation universally
transforming quantum operations to other quantum op-
erations [14, 15], are also proposed, and an algorithm for
optimal quantum learning and inversion of an unknown
unitary operation is described in terms of the quantum
comb [16, 17]. Introducing well-defined controlled ver-
sions of general quantum operations and higher order
quantum operations is expected to provide novel tool in
the toolbox for quantum programming, in addition to the
standard controlled unitary operations.
On the other hand, even though controlled version of
operations are well-defined for unitary operations, it does
not mean that universal exact controllization, namely, a
higher order quantum operation universally and exactly
transforming an arbitrary unitary operation to its con-
trolled version is implementable in quantum computa-
tion. It has been shown that universal exact controlliza-
tion of unitary operations maintaining full coherence is
impossible with a single use of the unitary operation as
an oracle [18–21]. This no-go theorem of universal con-
trollization of a unitary operation restricts quantum pro-
gramming, since whenever the controlled unitary opera-
tion is called, controllization has to be performed based
on the description of each unitary operation, not as a
universal quantum operation.
In this paper, we seek an “appropriate” definition of
a controlled general deterministic quantum operation for
utilizing such controlled quantum operations in quantum
computation by extending the definition of controlled
unitary operations. In our definition, controlled quantum
ar
X
iv
:1
91
1.
01
64
5v
2 
 [q
ua
nt-
ph
]  
6 F
eb
 20
20
2operations with different degrees of coherence are defined
depending on the choice of an operator contributing co-
herence determined by an operator within the linear span
of the Kraus operators. If the Hilbert-Schmidt norm of
this operator is 0, it is classically controlled (no coher-
ence) and if it is 1, it is fully coherently controlled as in
the case of standard controlled unitary operations, and
controlled quantum operations with intermediate coher-
ence are also included. For each quantum operation, the
maximal Hilbert-Schmidt norm of the operator is deter-
mined and we call the most coherently controlled quan-
tum operation when such an operator is chosen.
We further extend our definition to a controlled ver-
sion of quantum combs [14, 15]. Then we show applica-
tions of the controlled quantum comb to achieve univer-
sal controllization, universally implementing maximally
coherently controlled quantum operations, for divisible
unitary operations by introducing the idea of a neutral-
ization comb that transforms any quantum operation into
the identity operation. A controlled neutralization comb
can perform a transformation from a quantum operation
to its controlled version, although the maximal coherence
may not be guaranteed in general.
There are several preceding works on controllization
of a unitary operations by relaxing the situation of the
no-go theorem [18–21]. It has been shown that if the uni-
tary operation is given by a Hamiltonian dynamics, ap-
proximate universal controllization is achieved with an
arbitrarily small error by increasing the number of the
division of the Hamiltonian dynamics using an auxiliary
system [22]. Also a necessary and sufficient condition for
universal controllization for a set of unitary operations is
derived in Ref. [23]. For particular physical systems, im-
plementations of a controlled unitary operation utilizing
a system specific additional degree of freedom are pre-
sented. For example, for optical interferometer systems,
implementations of a controlled unitary operation are
proposed using the vacuum degree of freedom [19, 20, 24].
We propose two new quantum algorithms for univer-
sal coherent controllization of divisible unitary opera-
tions utilizing the most coherently controlled neutraliza-
tion combs. Compared to the previously known algo-
rithms, these algorithms are universal, not depending on
the implementation systems, and superior in the follow-
ing points: the first one can achieve universal controlliza-
tion of a unitary operator in an exact manner with only
a finite number of division of the unitary operation; the
second one is implemented without any auxiliary system.
This paper is organized as follows. In Section 2, we
consider the definition of a controlled version of general
quantum operations. In Section 3, we extend the defini-
tion of the controlled quantum operations to controlled
quantum combs. In Section 4, we investigate the rela-
tionship between controlled quantum operations and con-
trolled quantum combs, by introducing the neutralization
combs. We also present two new quantum algorithms for
universal controllization of unitary operations by using
the fractional power of the unitary operation.
II. DEFINITION OF THE CONTROLLED
QUANTUM OPERATIONS
A. Review: Representations of quantum operations
We first summarize two representations of a general
deterministic quantum operation [1–3]. Consider a quan-
tum system of which Hilbert space is denoted by H. A
quantum state of the quantum system is represented as a
positive operator ρ onH with unit trace, which is referred
to as a density operator. The action of a quantum oper-
ation A deterministically transforming a quantum state
ρ on H into another quantum state ρ′ = A[ρ] on another
system K can be represented as
A[ρ] =
∑
i
KiρK
†
i , (1)
where each element of the set of the operators {Ki} trans-
forms a state in H to K are called Kraus operators of the
quantum operation. This representation of a quantum
operation is referred to as Kraus representation [25]. The
requirement that quantum operations preserve the trace
of density operators leads to the condition
∑
iK
†
iKi = I,
where I denotes the identity operator on H.
The quantum operation for a unitary operation U is
represented as U [ρ] = UρU† using the corresponding uni-
tary operator U . The Kraus representation of a unitary
operation consists of a single Kraus operator U . Note
that the global phases of Kraus operators do not affect
the action of a quantum operation, that is, {Ki} and
{eiθiKi} lead to the same quantum operation. In general,
Kraus operators of a quantum operation are not uniquely
determined, and there exist different sets of Kraus oper-
ators that represents the same quantum operation.
Another commonly used representation for general
quantum operations is the Choi representation [26, 27].
In the Choi representation, a quantum operation A :
L(H)→ L(K) is represented as a linear operator onH⊗K
called a Choi operator JA defined by
JA = (id⊗A)|I〉〉〈〈I|HH (2)
where |I〉〉 := ∑m |m〉|m〉 is an unnormalized vector in a
bipartite system H ⊗ H with a fixed orthonormal basis
{|m〉} of H. When a quantum operation A is given by
Eq. (1), the corresponding Choi operator can be written
as
JA =
∑
i
|Ki〉〉〈〈Ki|HK, (3)
where |Ki〉〉 ∈ H ⊗K is given by
|Ki〉〉 =
∑
mn
〈m|Ki|n〉 · |n〉|m〉. (4)
In contrast to the Kraus operators, the Choi operator
does not depend on the choice of Kraus operators and is
uniquely determined by A.
3In particular for a unitary operation U [ρ] = UρU†, the
corresponding Choi operator is given by
JU = (id⊗ U)|I〉〉〈〈I|HH (5)
= (I ⊗ U)|I〉〉〈〈I|HH(I ⊗ U†) = |U〉〉〈〈U |HK. (6)
Note that the Choi operator for the identity operation
described by the identity operator I on H to K is given
by JI = |I〉〉〈〈I| on H⊗K, while the projector appearing
|I〉〉〈〈I| in Eq. (2) is an operator onH⊗H. In the following
of this paper, we explicitly specify the Hilbert space of
the vectors and operators by the subscripts when it might
be confusing, and omit the subscripts if it is trivial from
the context for simplicity.
B. Review: Controlled unitary operations
A controlled unitary operation is the quantum coun-
terpart of a controlled reversible logic gate in classical
computation. Conventionally, a controlled unitary op-
eration is referred to as a quantum operation that co-
herently applies different unitary operations on a target
quantum system depending on the state of an external
qubit called a control qubit. For a d-dimensional uni-
tary operation represented by a unitary operator U :
H(= Cd) → K(= Cd), the controlled unitary operation
CU can be defined by the corresponding unitary operator
CU : HC ⊗ H → KC ⊗ K with HC = C2 and KC = C2
given as
CU := |0〉〈0| ⊗ I + |1〉〈1| ⊗ eiθUU, (7)
where θU is an arbitrary phase factor. The degree of
freedom of the phase factor θU is required in the def-
inition since for unitary operators U and eiφU with
a global phase φ ∈ R representing the same opera-
tion U , the corresponding controlled unitary operations
|0〉〈0| ⊗ I + |1〉〈1| ⊗ U and |0〉〈0| ⊗ I + |1〉〈1| ⊗ eiφU are
different unitary operations. This phase factor should be
defined by a choice and cannot be determined just by
specifying the unitary operation U . Even if we restrict U
to be in SU(d), the degree of freedom of the phase factor
e
2pii
d remains and we need to specify which global phase
to take for defining the controlled unitary operation de-
scribed by CU .
The state of an additional control qubit system HC
of CU conditions whether the given unitary operation is
applied on the target system or not. Since the Kraus
operator of the controlled unitary operation CU is CU ,
the Choi operator JCU on HC ⊗ KC ⊗ H ⊗ K for CU is
given by
JCU = (|00〉|I〉〉+ |11〉|eiθUU〉〉)(〈00|〈〈I|+ 〈11|〈〈eiθUU |)
(8)
= |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JU
+ |00〉〈11| ⊗ |I〉〉〈〈eiθUU |+ |11〉〈00| ⊗ |eiθUU〉〉〈〈I|
(9)
where |ii〉 ∈ HC ⊗ KC for i, j = 0, 1 denotes a vector of
the control system.
An important characteristic of the controlled unitary
operation CU defined by Eq. (7) is that it preserves coher-
ence between the two different conditioned output states.
It is also possible to define an incoherent version of a con-
trolled unitary operation where the control qubit is first
measured and then the unitary operation is applied or
not depending on the measurement outcome. The Choi
operator of such a incoherently controlled unitary oper-
ation is given by
JCclsU = |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JU . (10)
We call JCclsU as a classically controlled version of a uni-
tary operation represented by U . It is straightforward to
generalize this classically controlled version of a unitary
operation into the one for a general quantum operation,
namely,
JCclsA := |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JA, (11)
which is refereed to as a classically controlled version of
a quantum operation in this paper.
C. Controlled quantum operations based on
physical implementations
We seek an appropriate definition of controlled quan-
tum operations by generalizing the definition of the con-
trolled unitary operations preserving coherence JCU in-
stead of the incoherent version JCclsU . In this subsection,
we consider two possible generalizations based on two
different implementation schemes of controlled unitary
operations. It will turn out that both generalizations
emerge to the same definition.
The first definition of the controlled quantum opera-
tion is based on the Stinespring representation [28] of a
quantum operation. For a quantum operation A repre-
sented by the Kraus operators given by {Ki}ni=1, it is
always possible to define a unitary operator U on an ex-
tended quantum system H⊗Haux by adding an auxiliary
system Haux = Cn+1 satisfying
U |ψ〉|0〉 =
n∑
i=1
Ki|ψ〉|i〉, (12)
where {|i〉}ni=0 is an orthonormal basis of the auxiliary
system. Note that we take a particular U such that the
summation over i starts from 1 instead of 0 in the r.h.s. of
Eq. (12) to treat each Kraus operator Ki for i = 1, . . . , n
equally. This choice is equivalent to taking the Kraus
representation {Ki}ni=0 with K0 = 0. We call this U
as a purification of the Kraus representation {Ki}. The
quantum operation A can be represented as the reduced
dynamics of this unitary operation as
A[ρ] = Traux
[
U (ρ⊗ |0〉〈0|)U†] , (13)
4FIG. 1. Stinespring representation of a quantum operation.
A quantum operation A : L(H)→ L(K) can be implemented
by adding an auxiliary system Haux in a state |0〉 to an initial
state ρ on H and applying a unitary operation U on the joint
systemH⊗Haux. The purification of the Kraus representation
of A can be constructed by using this unitary operator U .
which corresponds to the quantum circuit shown in
Fig. 1.
By using Eqs. (8) and (12), the Choi operator of the
corresponding controlled unitary operation JCU on HC ⊗
KC ⊗H⊗K ⊗Haux ⊗Kaux is given by
JCU =
(
|00〉|I〉〉|00〉+ |11〉
n∑
i=1
|Ki〉〉|0i〉
)
(
〈00|〈〈I|〈00|+ 〈11|
n∑
j=1
〈〈Kj |〈0j|
)
(14)
where |mm〉|X〉〉|0n〉 is a tensor product of |mm〉 ∈
HC⊗KC , |X〉〉 ∈ H⊗K and |0n〉 ∈ Haux⊗Kaux. We had
omitted the global phase dependence in Eq. (14) for sim-
plicity, since it can be absorbed in the notation of {Ki}
by choosing the set of the Kraus operators including the
choice of the phase factor. In the rest of this paper, we
take this notation unless it is necessary to explicitly spec-
ify the global phase factor. By tracing out the auxiliary
system Haux ⊗ Kaux, the Choi operator of the reduced
dynamics is obtained as
Traux(JCU ) = |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JA. (15)
Clearly, this is the classically controlled version of a quan-
tum operation A defined by Eq. (11). Even when A is
a unitary operation whose Kraus operator is given by a
single element set {K1 = V } of a unitary operator V ,
the construction of the Choi operator based on the pu-
rification given by Eq. (12) derives JCclsU instead of JCU
preserving coherence.
The loss of coherence in this purification originates
from ignoring the freedom in the purification of the iden-
tity operation applied in the case that the control qubit is
|0〉. In other words, there is an asymmetry that the iden-
tity operation is implemented without purification while
A is. The general form of the Kraus representation of
the identity operation is given as {Ki = αiI} satisfying∑
i |αi|2 = 1. The corresponding purification U0 of this
Kraus representation of the identity operation is given as
U0|ψ〉|0〉 = |ψ〉
n∑
i=1
αi|i〉. (16)
Note that, U0 is a unitary operator acting nontrivially
only on the auxiliary system Haux. We consider that U0
is applied when the control qubit is |0〉 instead of I on
H⊗Haux in the controlled quantum operation. Then the
corresponding unitary operator of the controlled opera-
tion CU,U0 is
CU,U0 = |0〉〈0| ⊗ U0 + |1〉〈1| ⊗ U. (17)
The corresponding Choi operator is given as
JCU,U0 =
n∑
i,j=1
(
αi|00〉|I〉〉+ |11〉|Ki〉〉
)
·(
α∗j 〈00|〈〈I|+ 〈11|〈〈Kj |
)
⊗ |0i〉〈0j|, (18)
By tracing out the auxiliary system Haux⊗Kaux, we ob-
tain
Tranc
(
JCU,U0
)
=∑
i
(
αi|00〉|I〉〉+ |11〉|Ki〉〉
)(
α∗i 〈00|〈〈I|+ 〈11|〈〈Ki|
)
.
(19)
The corresponding quantum circuit is shown in Fig. 2.
We take the definition given by Eq. (19) as the first def-
inition of a controlled quantum operation. For a given
quantum operation, controlled quantum operations with
different degrees of coherence can be defined by changing
the set of Kraus operators {Ki} and coefficients {αi}.
In the appendix of Ref. [10], a definition of a controlled
quantum operation is introduced in terms of purification
with an environment. They obtained a similar represen-
tation of ours where αi = 〈i|U0|0〉 in Eq. (19) is given
by 〈i|ε0〉 with an initial state of the environment |ε0〉 in
their definition. The main difference between the defini-
tion of Ref. [10] and our definition is that we explicitly
choose a certain type of Kraus operators {Ki}ni=0 sat-
isfying K0 = 0. By this choice of the Kraus operators
and the corresponding purification U , the quantum cir-
cuit shown in Fig. 2 can implement controlled quantum
operations with all possible degree of coherence by just
choosing the coefficients {αi} or equivalently U0. We will
analyze on the point at the end of Sec. II D.
The second definition of a controlled quantum opera-
tion is to use an additional dimension, which is based on
the implementation of a controlled unitary operation in
the optical interferometer system [19, 20, 24, 29]. A con-
trolled unitary operation CU can be implemented with
an optical element of a unitary operation represented by
U with the optical interferometer shown in Fig. 3. This
implementation utilizes the fact that any optical element
does not affect the vacuum state. Taking the freedom of
the vacuum, which is usually ignored in the formulation
of optical elements, into account, a unitary operator U
on a Hilbert space H can be represented as a unitary
operator U¯ embedded into the one on a one-dimension
larger Hilbert space H ⊕ C as U¯ = U ⊕ |v〉〈v| where |v〉
denotes the vacuum state.
5FIG. 2. A definition of controlled quantum operation based
on the Stinespring representation. There is an extra freedom
by introducing U0 applied to the auxiliary system depend-
ing on the state of the control qubit, which can be regarded
as a purification of the identity operation. Given a fixed U ,
controlled quantum operations with all possible degree of co-
herence for a given quantum operation A are implementable
by only changing U0.
FIG. 3. (Left) An implementation of a controlled unitary
operation in an optical interferometer. The optical element
PBS denotes a polarization beam splitter. The polarization
mode controls the routing of the optical path, and each of
the optical path has different optical elements. (Right) An
equivalent quantum circuit to the optical interferometer on
the left-hand side.
An embedded unitary operation U¯ is transformed to
the corresponding controlled unitary operation CU¯ by the
optical interferometer shown in Fig. 3. This transforma-
tion is represented by the following function f , namely,
f(JU¯ ) = |00〉〈00| ⊗ JI¯ + |11〉〈11| ⊗ JU¯ (20)
+ |00〉〈11| ⊗ |I¯〉〉〈〈U¯ |+ h.c. (21)
= |00〉〈00| ⊗ JI¯ + |11〉〈11| ⊗ JU¯ (22)
+ |00〉〈11| ⊗ |I¯〉〉(〈vv|JU¯ ) + h.c., (23)
where |U¯〉〉 = |U〉〉 + |vv〉 by definition of the embedded
space, and the second equality holds because 〈vv|U¯〉〉 = 1.
Note that the function f only depends on JU¯ , which is
uniquely determined for a unitary operation.
This optical interferometer implementation for a con-
trolled unitary operation can also be extended for general
quantum operations. A quantum operation A can be ex-
tended to A¯ of a larger dimensional system by extending
the Kraus operators as K¯i = Ki ⊕ αi|v〉〈v|, where co-
efficients {αi} satisfying
∑
i |αi|2 = 1 are necessary so
that {K¯i} is also a Kraus representation of a quantum
operation. For a quantum operation given by the Kraus
operators {K¯i}, the controlled version given by the opti-
cal interferometer shown in Fig. 3 is uniquely determined
by the Choi operator f(JA¯) as
f(JA¯) = |00〉〈00| ⊗ JI¯ + |11〉〈11| ⊗ JA¯ (24)
+ |00〉〈11| ⊗ |I¯〉〉(〈vv|JA¯) + h.c. (25)
=
∑
i
(αi|00〉|I〉〉+ |11〉|Ki〉〉+ αi|ξ〉|vv〉) (26)
× (α∗i 〈00|〈〈I|+ 〈11|〈〈Ki|+ α∗i 〈ξ|〈vv|), (27)
where |ξ〉 = |00〉+ |11〉 is a vector in HC⊗KC . Assuming
that the input state of this extended operation does not
contain the vacuum state, that is, it is orthogonal to
|ψctrl〉|v〉, where |ψctrl〉 is an arbitrary state of the control
qubit, the third term in each bracket does not affect the
result, and Eq. (27) is equivalent to Eq. (19).
As the two different definitions emerge to identical
ones, we take the definition of the controlled quantum
operation derived as
JCKi,αiA
=∑
i
(
αi|00〉|I〉〉+ |11〉|Ki〉〉
)(
α∗i 〈00|〈〈I|+ 〈11|〈〈Ki|
)
.
(28)
We stress that a characteristic property of this defini-
tion of a controlled quantum operation JCKi,αiA
is that
it cannot be uniquely determined by the Choi operator
JA, but depends on both the choice the Kraus operators
{Ki} and the coefficients {αi}. This is in contrast to the
classical controlled version of a quantum operation JCclsA ,
which is uniquely determined for A irrespective to the
choice of {Ki} and {αi}.
D. Axiomatic definition of the controlled quantum
operations
In this subsection, we define a controlled quantum op-
eration in an axiomatic manner. We show that we can
derive the definition of the form given in Eq. (28) from a
small number of axioms. We consider that a controlled
quantum operation should satisfy the following three cri-
teria.
Axiom 1 (Axioms for controlled quantum operations).
The action of a controlled quantum operation of a de-
terministic quantum operation A satisfies the following
three axioms.
1. If the state of control qubit is |0〉 or |1〉, the state of
the control qubit remains unchanged after applying
the controlled quantum operation.
2. If the state of the control qubit is |0〉, the identity
operation is applied on the target system.
63. If the state of the control qubit is |1〉, the quantum
operation A is applied on the target system.
The form of the controlled quantum operation given
by Eq. (28) can be derived from just these three axioms
as follows. A general form of the Kraus operators of a
quantum operation on a composite system consisting of
a control system and a target system is written by
Li = |0〉〈0| ⊗Ai + |0〉〈1| ⊗Bi + |1〉〈0| ⊗ Ci + |1〉〈1| ⊗Di
∈ L(HC ⊗H,KC ⊗K) (29)
Due to the first axiom, terms in Li that change the con-
trol qubit state must be zero, that is, that is, Bi = Ci =
0. To satisfy the second axiom, each Ai must be propor-
tional to identity, that is, Ai = αiI with
∑
i |αi|2 = 1
is required. The third axiom implies that {Di} forms a
Kraus representation of A. Therefore, the Kraus opera-
tor of the controlled quantum operation has to be in a
form of
Li = αi|0〉〈0| ⊗ I + |1〉〈1| ⊗Ki, (30)
where
∑
i |αi|2 = 1 and {Ki} is a Kraus representation
of A. The quantum operation given by the Kraus repre-
sentation {Li} is equivalent to that of Eq. (28).
A controlled quantum operation is characterized by the
parameters {αi} and {Ki}, but not all different combina-
tions of these correspond to all different controlled quan-
tum operations in general, namely, these parameters are
redundant. In the following, we provide a parameter-
ization that uniquely determines a controlled quantum
operation. By expanding Eq. (28), we obtain
JCKi,αiA
= JCclsA
+ |00〉〈11| ⊗ |I〉〉〈〈K|+ |11〉〈00| ⊗ |K〉〉〈〈I|, (31)
where JCclsA is a controlled quantum operation of A with-
out coherence defined by Eq. (11) and K is the operator
given by K =
∑
i α
∗
iKi. As a Choi operator uniquely
determines a quantum operation, the operator K fully
specifies one controlled quantum operation of A without
redundancy. Note that the operator K corresponds to
the transformation matrix introduced in Ref. [10]. In the
following, we use the definition of the controlled quantum
operation CKA for A with a choice of K =
∑
i α
∗
iKi for A
as
JCKA := JCclsA
+ |00〉〈11| ⊗ |I〉〉〈〈K|+ |11〉〈00| ⊗ |K〉〉〈〈I|. (32)
Now we show that the quantum circuit shown in Fig. 2
can implement controlled quantum operations with all
possible degree of coherence for a given quantum opera-
tion by choosing only the coefficients {αi} or equivalently
U0. More precisely, given a fixed set of Kraus operators
{Ki}ni=0 with K0 = 0, for any set of the Kraus opera-
tors {K ′j}mj=0 with K ′0 = 0 and coefficients {α′j}mj=0 with∑
j |α′j |2 = 1, we can choose {αi} with
∑
i |αi|2 = 1 to
make the two resulting controlled quantum operations to
be equivalent. This property implies that we can rep-
resent all possible controlled quantum operations for a
given quantum operation by any choice of the Kraus op-
erators with our definition given by Eq. (19).
Since {Ki}ni=0 and {K ′j}mj=0 represent the same quan-
tum operation, K ′j =
∑
i u
∗
jiKi holds with a unitary
matrix (uij) [1]. Note that if n 6= m, we pad with
Ki,K
′
j = 0 to make the number of the Kraus operators
to be the same. In order to implement the controlled
quantum operation with K =
∑
j(α
′
j)
∗K ′j , by consid-
ering
∑
j(α
′
j)
∗K ′j =
∑n
i,j=0(α
′
j)
∗u∗jiKi, we can choose
αi =
∑
j α
′
juji when the Kraus operators are given by
{Ki}ni=0. For n < m,
∑n
i=0 |αi|2 may be smaller than 1,
we pad {Ki}ni=0 to {Ki}mi=0 with Ki = 0 for n < i ≤ m.
However, since we assumed K0 = 0, we can re-define
the coefficient |α0|2 by |α0|2 +
∑m
i=n+1 |αi|2 to satisfy∑n
i=0 |αi|2 = 1. Note that the phase of α0 can be cho-
sen arbitrarily as the corresponding Kraus operator is
K0 = 0. For n ≥ m,
∑n
i=0 |αi|2 = 1 is satisfied by con-
struction. Thus, for a given set of the Kraus operators
{Ki}ni=0 with K0 = 0, we can choose only the coefficients
{αi} to define controlled quantum operations with all
possible degree of coherence, and it also indicates that
the quantum circuit shown in Fig. 2 can be used to im-
plement corresponding all possible controlled quantum
operations.
E. Most coherently controlled quantum operation
The controlled quantum operation defined by CKA con-
tains different types of controlled quantum operations
including the classically controlled version of quantum
operations depending on the choice of K. However, in
quantum information processing, keeping coherence or
superposition of states is important and thus we con-
sider how to characterize the most coherently controlled
quantum operation in this subsection.
Since we focus on the coherence between the differ-
ent states of the control qubit, we investigate the (block)
off-diagonal term of the corresponding Choi operator of
a controlled quantum operation. Especially, we analyze
the off-diagonal term of the Choi operator indicating co-
herence of a controlled quantum operation given by
∆JCKA = JCKA − JCclsA . (33)
The trace norm of ∆JCKA corresponds to a distance mea-
sure between quantum operations [30]. We regard that
the controlled quantum operation that has the largest
norm of the off-diagonal term, which can be also inter-
preted to be the most distant one from the classically
controlled version, as the quantum mechanically most co-
herent one. Here ∆JCKA has only two non-zero eigenvalues
λ = ±√d
√
Tr [K†K] and the corresponding two eigen-
states are given by (1/
√
d)|00〉⊗|I〉〉±(1/
√
TrK†K)|11〉⊗
7|K〉〉. Thus, we obtain the Schatten p-norm1 of this op-
erator ||X||p = p
√
Tr [|X|p] as∣∣∣∣∣∣∆JCKA ∣∣∣∣∣∣p = 2 1p√d
√
Tr [K†K]. (34)
According to Eq. (34), CKA with maximum quantum
coherence (in the sense of the Schatten p-norm) is ob-
tained by maximizing the Hilbert-Schmidt norm of K.
In order to calculate the Hilbert-Schmidt norm, we in-
troduce the orthogonal Kraus representation {K˜j} as fol-
lows. For any quantum operation A, we can take a set of
mutually orthogonal Kraus operators {K˜j}mj=1 satisfying
Tr
[
K˜i
†
K˜j
]
= 0 for all i 6= j. Explicitly, {K˜j}mj=1 can be
obtained by first calculating the Choi operator of A, and
then performing the spectral decomposition on the Choi
operator. Note that the number of the Kraus operator
in the orthogonal Kraus representation {K˜j}mj=1 satisfies
m ≤ n where n is the number of the Kraus operators
in an arbitrary Kraus representation {Ki}ni=1. We can
rewrite K =
∑
i α
∗
iKi as K =
∑
i β
∗
i K˜i with
βi =
Tr
[
K†K˜i
]
Tr
[
K˜i
†
K˜i
]
by defining K˜i = 0 for m < i ≤ n when m < n. The coef-
ficients {βi} satisfy
∑
i |βi|2 ≤ 1 and this can be shown as
follows. Since {Ki} and {K˜j} represent the same quan-
tum operation, Ki =
∑n
j=1 uijK˜j holds with a unitary
matrix (uij) [1]. Then we obtain
m∑
j=1
|βi|2 =
n∑
i,j=1
|αi|2 |uij |2 δi≤m
=
m∑
i=1
|αi|2 ≤
n∑
i=1
|αi|2 = 1 (35)
where δi≤m denotes a step function, namely, δi≤m = 1
for i ≤ m and otherwise δi≤m = 0.
By using the orthogonal Kraus representation {K˜i},
the Hilbert-Schmidt norm of K is represented as
Tr
[
K†K
]
=
∑
i
|βi|2 Tr
[
K˜i
†
K˜i
]
,
∑
i
|βi|2 ≤ 1. (36)
We define a subset of the index of the orthogonal Kraus
operators {K˜i} of a quantum operation A with the max-
imum Hilbert-Schmidt norm as
Amax :=
{
i
∣∣∣ ∀j, Tr [K˜i†K˜i] ≥ Tr [K˜j†K˜j]} . (37)
It is clear from Eq. (36) that the operator K for the maxi-
mum coherence is obtained by appropriately choosing the
1 The trace norm corresponds to p = 1.
coefficients {αi} for the orthogonal Kraus operators with
the maximum Hilbert-Schmidt norm as
K =
∑
i∈Amax
α∗i K˜i,
∑
i
|αi|2 = 1. (38)
We can construct an orthogonal Kraus representation of
A which includes K as one of the Kraus operator. In
other words, K is one of the possible Kraus operators of
A which has the maximum Hilbert-Schmidt norm. In the
following, we call a controlled quantum operation of A
described with the maximum Hilbert-Schmidt norm of K
as the most coherently controlled quantum operation. In
particular, when the maximal Hilbert-Schmidt norm of
K is 1, we refer such a controlled quantum operation to as
the fully coherently controlled quantum operation. The
controlled unitary operations given by Eq. (9) is the fully
coherently controlled quantum operation as expected.
Remark that the definition of a controlled quantum
operation can be generalized by replacing the identity
operation applied when the control qubit state is |0〉 by
another general quantum operation, such as the depolar-
izing channel. Such kinds of controlled quantum opera-
tions are considered in Ref. [10, 11]. However, it is diffi-
cult to evaluate the coherence in general for such cases,
and it is not clear what can be regarded as the most
coherently controlled quantum operation. Nevertheless,
the most coherently controlled quantum operation can be
easily extended if another quantum operation described
by a single Kraus operator, e.g., an isometry V , is applied
when the control qubit state is |0〉, instead of the identity
operation. In this case, by replacing the identity oper-
ator by the isometry V in Eq. (30), all the calculation
directly follows, and the eigenvalue to calculate Eq. (34)
becomes ±√Tr [V †V ]√Tr [K†K]. Since the trace pre-
serving condition is given as V †V = I for deterministic
quantum operations, we obtain the same value of coher-
ence as Eq. (34).
III. DEFINITION OF THE CONTROLLED
QUANTUM COMBS
A quantum operation transforms a given quantum
state to another quantum state. Similarly, we can de-
fine a higher order transformation, a transformation
of a quantum operation to another quantum opera-
tion. Quantum mechanically implementable transforma-
tions between quantum operations are investigated in
Ref. [14, 15], and we summarize the relevant results for
this paper in the following.
Mathematically, we consider the situation that we
transform N quantum operations Ai : L(H2k−1) →
L(H2k) for i = 1, . . . , N to a target quantum operation
A0 : L(H0)→ L(H2N+1). Since any quantum operation
can be described uniquely by its Choi operator, higher
order transformations between quantum operations can
be described as transformations between the correspond-
ing Choi operators. We denote this transformation as
8S : L(H1 ⊗H2 ⊗ · · · ⊗ H2N )→ L(H0 ⊗H2N+1),
S
[⊗
k
JAk
]
= JA0 . (39)
The transformation S is linear, and can be described by
an operator JS ∈ L(H0 ⊗ H1 ⊗ · · · ⊗ H2N+1), which is
called as the Choi operator of the higher order transfor-
mation S. In the quantum circuit formalism presented
in [14, 15], it is assumed that the quantum circuits im-
plementing Ai can be used only once for each i in turn.
Then the conditions for the transformation described by
JS are given by
JS ≥ 0 (40)
Tr2k+1J (2k+1)S = Tr2k,2k+1J (2k+1)S ⊗
I2k
d2k
, (41)
for k = 0, 1, . . . , N , where J (2k+1)S := Tr2k+2,...,2N+1JS ,
and d2k is the dimension of H2k. This type of trans-
formations of quantum operations to another quantum
operation is called a quantum comb and it is represented
as in the diagram in Fig. 4.
FIG. 4. A quantum comb with N -slot of the quantum opera-
tions. It is an abstract description of a quantum circuit which
calls N quantum operations in turn. The line with index i
represents the Hilbert space Hi. The k-th quantum opera-
tion is the quantum operation which transforms a state on
H2k−1 to that of H2k. The resulting quantum operation is a
quantum operation transforming a state on H0 to H2N+1.
Since a quantum comb is a linear and completely posi-
tive map similarly to quantum operations, S can be rep-
resented by the Kraus operators {Si} as follows.
S [J ] =
∑
i
SiJS
†
i , (42)
where Si : H1⊗H2⊗· · ·⊗H2N → H0⊗H2N+1. The Kraus
representation and the Choi representation are related as
JS =
∑
i
|Si〉〉〈〈Si|. (43)
Note that the conditions for Si is not
∑
i S
†
i Si = I,
which would be the condition for a quantum operation
to be trace-preserving. Instead, the conditions for Si
are determined by the conditions given by Eq. (41). In
Appendix A, we rewrite this condition in terms of the
Kraus representation.
Similarly to quantum operations, which can be im-
plemented by a quantum circuit by adding an auxiliary
system, any quantum comb can be implemented by a
quantum circuit by adding an auxiliary system and in-
serting quantum gates before and after the input opera-
tions [14, 15]. Note that the circuit implementation of a
quantum comb is not unique, similarly to the case of a
quantum operation.
In the following, we define the controlled version of a
quantum comb analogous to the quantum operation case
of Eq. (32) shown in the previous section. In the defi-
nition of a controlled quantum comb, it is not straight-
forward to define an identity comb corresponding to the
identity operation required for defining controlled quan-
tum operations. In this paper, we consider the follow-
ing quantum comb as the identity comb. Assuming that
dimH2k = dimH2k+1, we define the identity comb Sid,
in which the state in H2k is unchanged and transferred
to H2k+1. This quantum comb is represented as
Sid[J ] = SidJS†id, (44)
with the Kraus operator given by
Sid =
(
N⊗
k=0
〈〈I|2k,2k+1
)
|I〉〉0,0|I〉〉2N+1,2N+1. (45)
The action of this quantum comb is given by
Sid
[
N⊗
k=1
JAk
]
= JAN◦···◦A1 . (46)
Note that the following arguments of this section can be
generalized to the case that the quantum comb is de-
scribed by a single Kraus operator, instead of this iden-
tity comb.
FIG. 5. A controlled quantum comb. The state of the control
qubit belongs to the initial and the final state.
Analogous to the controlled quantum operation defined
by Eq. (32), we define the controlled version of quantum
comb CS as in Fig. 5 by the following Choi operator
JCSS := |00〉〈00| ⊗ JSid + |11〉〈11| ⊗ JS
+ |00〉〈11| ⊗ |I〉〉〈〈S|+ |11〉〈00| ⊗ |S〉〉〈〈I|, (47)
where S =
∑
i α
∗
iSi with
∑
i |αi|2 = 1 and Sid is the
identity comb. Notice that if we trace out the final sys-
tem, which includes the control qubit system, the third
and fourth terms vanishes. Thus, it is clear if the quan-
tum comb to be controlled satisfies the condition given
by Eq. (41), the controlled version also satisfies the same
condition.
9Moreover, as in the quantum operation case, we can
define the most coherently controlled quantum comb in
terms of the operator S by
S =
∑
i∈Bmax
α∗i S˜i,
∑
i
|αi|2 = 1, (48)
where {S˜i} is an orthogonal Kraus representation of the
quantum comb S and
Bmax :=
{
i
∣∣∣ ∀j, Tr [S˜i†S˜i] ≥ Tr [S˜j†S˜j]} . (49)
IV. CONTROLLIZATION OF UNITARY
OPERATIONS WITH A CONTROLLED
NEUTRALIZATION COMB
A. Neutralization comb and controlled quantum
operations
We investigate the relationship between controlled
quantum operations and controlled quantum combs de-
fined in the previous sections to seek applications of con-
trolled quantum combs in quantum computation. We
consider a class of quantum combs which we call neu-
tralization combs, i.e., quantum combs transforming any
input quantum operation into the identity operation. A
quantum comb N which takes N quantum operations
A1, . . . ,AN as inputs is a neutralization comb if
S
[⊗
k
JAk
]
= Jid, (50)
where Jid is the Choi operator of the identity opera-
tion. Note that the condition given by Eq. (50) does
not uniquely determines a neutralization comb, there are
many quantum combs satisfying Eq. (50) forming a class
of neutralization combs.
When we have quantum operations A1, . . . ,AN as in-
put operations of a controlled neutralization comb, the
resulting quantum operation is a controlled quantum op-
eration of AN ◦ · · · ◦A1. That is, if the control qubit is in
|0〉, the controlled quantum operation applies the iden-
tity operation, and if the control qubit is in |1〉, it applies
AN ◦ · · · ◦A1. (See Axiom 1) From now on, for adopting
the standard notation of controlled quantum operations,
we exchange the state of the control qubit when the iden-
tity comb is applied and when a neutralization comb is
applied from now on. Namely, we apply the neutraliza-
tion comb if the control qubit is in |0〉 and apply the
identity comb if the control qubit is in |1〉, so that the
role of the control qubit of the resulting controlled quan-
tum operation coincides with the standard definition of
controlled quantum operations.
One way to implement a neutralization comb is to ap-
ply the input quantum operations on the auxiliary sys-
tem, and then discarding the auxiliary system. Mathe-
matically, this neutralization comb is described as
JN = |I〉〉〈〈I|0,2N+1 ⊗ ρHin ⊗ IHout , (51)
where Hin =
⊗N
k=1H2k−1,Hout =
⊗N
k=1H2k and ρ ∈
L(Hin) is a quantum state that is initially prepared in
the auxiliary system. The corresponding quantum circuit
of this neutralization comb for N = 1 is shown in Fig. 6.
input ×0 A1 ×2 3
ancilla : ρ × ×
FIG. 6. A neutralization comb with a single input quantum
operation A defined by Eq. (51) with N = 1. Any input
state of H0 is sent to the output state without any change
regardless of the quantum operation A.
It would be the first guess to simply use this neutraliz-
ing comb for defining a most coherently controlled neu-
tralization comb and then obtain the most coherently
controlled quantum operation. However, the most coher-
ently controlled neutralization comb does not necessarily
provide the most coherently controlled quantum opera-
tion in general. For example, consider the neutralization
comb given by Eq. (51) for N = 1. When A1 is a sin-
gle unitary operation described by U , the corresponding
most coherently controlled operation is given by the con-
trolled unitary operation CU defined as Eq. (7). However,
it is shown that the controlled unitary operation is not
implementable in this situation [18–21], regardless of how
the controlled neutralization comb is defined.
Nevertheless, the most coherently controlled neutral-
ization comb can implement the action of the most co-
herently controlled quantum operation by restricting the
set of the input quantum operations. One example of
such a restricted set is the set of unitary operations of
which one of the eigenstate of the unitary operator U
is given, that is, {U | U |ψ〉 = eiθU |ψ〉} where |ψ〉 is
an eigenstate and θU is an arbitrary phase. Consider
the controlled neutralization comb given by Eq. (51). It
is easy to see that if we set the auxiliary state to be
ρ = |ψ〉〈ψ|, the controlled unitary operation is imple-
mented. Mathematically, this neutralization comb is de-
scribed by JN = |I〉〉〈〈I|03 ⊗ |ψ〉〈ψ|1 ⊗ I2. As shown in
the previous sections, only the eigenvector which has the
maximal norm contributes for the most coherently con-
trolled comb. In this case, it is possible to choose any
elements as |S0〉〉 = |I〉〉03 ⊗ |ψ〉1 ⊗ |φ〉2 with an arbi-
trary state |φ〉. By requiring the controlled version of
the identity operation idH→K is still the identity opera-
tion idHC⊗H→KC⊗K, we obtain |φ〉 = |ψ∗〉, and the corre-
sponding fully coherently controlled neutralization comb
is given by
JCN = |00〉〈00| ⊗ JN + |11〉〈11| ⊗ |I〉〉〈〈I|
+ |00〉〈11| ⊗ |S0〉〉〈〈I|+ |11〉〈00| ⊗ |I〉〉〈〈S0|, (52)
|S0〉〉 = |I〉〉03 ⊗ |ψ〉1 ⊗ |ψ∗〉2. (53)
A quantum circuit for this implementation of the neu-
tralization comb is shown in Fig. 7. The action of this
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controlled neutralization comb JCN for U is given as
TrHinHout [JCN (|U〉〉〈〈U |12)T ]
= |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JU
+ |11〉〈00| ⊗ 〈〈U∗|12(|I〉〉〈〈S0|0123)|U∗〉〉12 + h.c.
= |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JU
+ |11〉〈00| ⊗ |e−iθUU〉〉〈〈I|03 + h.c. (54)
where the last equality holds due to
〈〈U∗|12|S0〉〉0123 = |I〉〉03
∑
i
〈ii|(I ⊗ UT )|ψψ∗〉
= |I〉〉03
∑
i
〈ii|(U ⊗ I)|ψψ∗〉
= |I〉〉03eiθU . (55)
control • •
target × ×
ancilla : |ψ〉 × U ×
FIG. 7. Quantum circuit for the controlled neutralization de-
fined by Eq. (52). If the unitary operator U has an eigenstate
of |ψ〉, this quantum circuit exactly implements the corre-
sponding controlled unitary operation.
B. Neutralization comb with same input unitary
operations
When multiple uses of the same unitary operation are
available, we show that another construction of the most
coherently controlled unitary operation is possible. In
this case, we assume that the input unitary operation
is described by a d-dimensional unitary operator U , and
we use this unitary operation n times. Note that in this
case, the output of the identity comb is given by Un, and
the controlled quantum operation that we are aiming to
implement is given by |0〉〈0| ⊗ I + |1〉〈1| ⊗ Un.
Similarly to the case of the single input operation an-
alyzed in the previous subsection, we assume that the
neutralization comb is achieved by a preparation of an
auxiliary state and then trace out the auxiliary system.
This neutralization comb can be written as
JN = |I〉〉〈〈I|0,2N+1 ⊗ ρHin ⊗ IHout . (56)
The controlled version of this neutralization comb is de-
scribed by |S0〉〉 = λ|I〉〉 ⊗ |ψ〉 ⊗ |φ〉 with arbitrary states
|ψ〉, |φ〉 and a normalization constant |λ| ≤ 1. The action
of this controlled comb is
TrHinHout [JCN (|U〉〉〈〈U |⊗n)T ]
= |00〉〈00| ⊗ JI + |11〉〈11| ⊗ JUn
+ |11〉〈00| ⊗ |Un〉〉〈〈S0|(|(U∗)n〉〉)
+ |00〉〈11| ⊗ (〈〈(U∗)n|)|S0〉〉〈〈Un|. (57)
As we require this to be the Choi operator of the con-
trolled unitary operation,
|00〉〈00| ⊗ JI + |11〉〈11| ⊗ JUn
+ |11〉〈00| ⊗ |Un〉〉〈〈I|+ |00〉〈11| ⊗ |I〉〉〈〈Un|, (58)
we obtain the condition for the off-diagonal coherence
term
(〈〈(U∗)n|)|S0〉〉 = |I〉〉, (59)
or equivalently,
λ|〈〈I|(U⊗n ⊗ IK)(|ψ〉 ⊗ |φ〉)| = 1 (60)
Notice that the maximally entangled state can be writ-
ten as |I〉〉 = ∑i |ii〉 = ∑i |ψiψ∗i 〉, where {|ψi〉} is an
arbitrary basis, the off-diagonal coherence term can be
evaluated as
λ〈〈I|(U⊗n ⊗ IK)(|ψ〉 ⊗ |φ〉) = λ〈φ∗|(U⊗n)|ψ〉 (61)
and its absolute value is |λ||〈φ∗|(U⊗n)|ψ〉|. This can
achieve 1 only if |λ| = 1 and |ψ〉 = eiθUU⊗n|φ〉. Thus,
we obtain the necessary condition that |ψ〉 is invariant
under the action of U⊗n. This condition is equivalent
to the existence of a one-dimensional invariant subspace
of U⊗n, which, by considering the Schur-Weyl duality,
happens if and only if n is a multiple of d = dimU .
Thus the necessary condition for most (and fully) co-
herently controlled unitary operation Eq. (58) to be im-
plementable, i.e., n is a multiple of d, is shown. This
condition is also the sufficient condition. That is, if there
exists an invariant state |ψ〉 under the action of U⊗n, the
quantum circuit shown in Fig. 8 implements the (fully
coherently) controlled unitary operation.
control • • • •
· · ·
• •
target × × × × × ×
× U ×
× U ×
...
× U ×

ancilla :
|Ad〉
FIG. 8. Quantum circuit for the most coherently controlled
neutralization comb with multiple uses of the same unitary
operations U defined by Eq. (62). This quantum circuit
exactly implements the controlled unitary operation of Ud.
|Ad〉 denotes a totally antisymmetric state of a system with
H = (Cd)⊗d satisfying U⊗d|Ad〉 = det(U)|Ad〉.
If a unitary operation is generated by a time-
independent Hamiltonian dynamics U = e−iHt, division
of the time evolution by d is possible by selecting the
duration time to be t/d, namely, U1/d = e−iHt/d. For
such divisible unitary operations, we can consider the
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controllization of U by using V = U1/d for d times. The
quantum circuit shown in Fig. 8 implements the desired
controlled unitary operation CU . In this case, if we take
U ∈ SU(d), the ambiguity of the global phase e2pii/d dis-
appears as the global phase is multiplied d times.
For completeness, the Choi operator for the most co-
herently controlled neutralization comb is given by
JCN = |00〉〈00| ⊗ JN + |11〉〈11| ⊗ |I〉〉〈〈I|
+ |00〉〈11| ⊗ |S0〉〉〈〈I|+ |11〉〈00| ⊗ |I〉〉〈〈S0|, (62)
|S0〉〉 = |I〉〉0,2N+1 ⊗ |Ad〉Hin ⊗ |Ad〉Hout . (63)
Here |Ad〉 is the invariant state satisfying U⊗d|Ad〉 =
(detU)|Ad〉 for all U ∈ U(d). More explicitly, |Ad〉 is the
d-dimensional totally antisymmetric state,
|Ad〉 = 1√
d!
∑
σ∈Sd
sgn(σ)|σ(1)〉|σ(2)〉 · · · |σ(d)〉, (64)
where Sd is the d-dimensional symmetric group and σ de-
notes a permutation. An iterative algorithm to generate
|Ad〉 is shown in Ref. [31]. A quantum circuit imple-
mentation for the controlled divisible unitary operation
described by U based on the most coherently controlled
neutralization comb is given by replacing U by V = U1/d
in the quantum circuit shown in Fig. 8.
Remark that in this section, we assume that the Choi
operator of the neutralization comb has the form of
Eq. (56), which is implemented by first preparing a quan-
tum state on the auxiliary system, and discard the aux-
iliary system at the end. If we further restrict the initial
state of the auxiliary state to be a pure state, the ne-
cessity of the requirement for the initial auxiliary state
to be a one-dimensional invariant state is trivial since it
is equivalent to an invariant pure state. However, if we
allows to prepare a mixed state for the initial state of
the auxiliary system, the maximally mixed state, I/d,
is invariant under the action of unitary operations. Al-
though the invariant states exist both in pure and mixed
state, only the pure invariant state can contribute for ex-
actly implementing the fully coherently controlled divis-
ible unitary operation. However, in approximate cases,
the maximally mixed state has been utilized for imple-
menting controlled divisible unitary operation with a ran-
domization algorithm shown in [22].
C. Basis randomization comb with Pauli operators
In this subsection and the next subsection, we consider
an approximate neutralization comb employing random
unitary operators, which we call a basis randomization
comb. The idea of using random unitary operators to im-
plement controllization of a unitary operation described
by Hamiltonian dynamics was introduced in Ref. [22],
where a randomization is applied to an auxiliary system
of which initial state is prepared in the maximally mixed
state. Here we show that a similar effect can be imple-
mented by applying randomization to the target system
directly, instead of using an auxiliary system for the case
of d = 2.
While the introduction of a basis randomization comb
is intended to apply to infinitesimal Hamiltonian dynam-
ics, i.e., a unitary operation close to the identity op-
eration for obtaining the approximate controllization of
Hamiltonian dynamics, the definition of a basis random-
ization comb is valid for any quantum operation. A gen-
eralization of the basis randomization comb for general
d-dimensional systems is also straightforward.
Ui
0 A1 U†i
2 3
FIG. 9. Quantum circuit for the basis randomization comb.
The input quantum operation is A, and the action of the basis
randomization comb is given by applying a pair of unitary
operations, Ui randomly chosen from a set {Ui} and its inverse
U†i , before and after the quantum operation A.
Consider a quantum operation A : L(H1 = C2) →
L(H2 = C2) of which Choi operator on H1 ⊗H2 is given
by
JA =
∑
α,β=I,X,Y,Z
cα,β |α〉〉〈〈β|, (65)
where I,X, Y, Z represent the Pauli operators and cα,β is
a coefficient. We consider the basis randomization comb
RS implemented by the quantum circuit shown in Fig. 9
for a set of unitary operators R := {Ui}. The unitary
operators composing the set R are not necessary to be
mutually orthogonal in general. We assume a unitary
operator in the set is chosen uniformly randomly with
probability 1/ |R| for simplicity. We analyze the cases
for two sets for R, a set consists of the Pauli operators
in this subsection and another set consists of the Clifford
operators in the next subsection. The action of RR on A
denoted as 〈A〉R is given by
〈A〉R = 1|R|
∑
Ui∈R
Ui
† ◦ A ◦ Ui, (66)
which is implemented by applying a pair of unitary op-
erations, Ui randomly chosen from a set {Ui} and its
inverse U†i , before and after the quantum operation A.
The Choi operator of the basis randomization comb RR
is given by
JRR =
1
|R|
∑
Ui∈R
|Ui〉〉〈〈Ui|01 ⊗ |U†i 〉〉〈〈U†i |23, (67)
onH0⊗H1⊗H2⊗H3. The Choi operator of the quantum
operation transformed by the basis randomization comb
JRR for the input quantum operation A is given by
J〈A〉R =
∑
Ui∈R
∑
α,β
cα,β |U†i αUi〉〉〈〈U†i βUi| (68)
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on H0 ⊗H3.
We investigate the action of the basis randomization
comb with a set of the Pauli operators RP := {U0 =
I, U1 = X, U2 = Y, U3 = Z} in this subsection. A set
of the Pauli operators RP forms a 1-design [32, 33]. In
the next subsection, we analyze the basis randomization
comb with a set of the Clifford operators RC , which forms
a 1-, 2- and 3- design [32, 33] to investigate the difference
caused by the sets of unitary operators used in the basis
randomization comb.
For simplifying calculations, we introduce vectors v (i)
defined as
v
(i)
k :=
{
1/2 (k = 0, i)
−1/2 (otherwise). (69)
A set of vectors v (i) forms an orthonormal basis of R4.
The Pauli operators satisfy a commutation rule
UkUiUk = 4× v(i)k Ui. (70)
Since the Choi operator JA can be decomposed in terms
of the orthogonal basis {|Ui〉〉} as (equivalent to Eq. (65))
JA =
∑
i,j
ci,j |Ui〉〉〈〈Uj |, (71)
the Choi operator of the transformed quantum operation
J〈A〉RP is calculated to
J〈A〉RP =
∑
i,j
∑
k
v
(i)
k v
(j)
k ci,j |Ui〉〉〈〈Uj |
=
∑
i,j
v (i) · v (j)ci,j |Ui〉〉〈〈Uj |
=
∑
i
ci,i|Ui〉〉〈〈Ui|. (72)
Thus, the basis randomization comb with RP trans-
forms the quantum operation A to the quantum oper-
ation 〈A〉RP of which Choi operator is given by
J〈A〉RP = c00 · Jid + c11 · JX + c22 · JY + c33 · JZ , (73)
where X ,Y and Z denote the unitary operations by the
Pauli operators X,Y and Z, respectively, and JX , JX
and JZ are the Choi operators of the corresponding Pauli
operations.
We first consider a class of unitary operations
given by infinitesimal Hamiltonian dynamics of a time-
independent Hamiltonian H as δU = e−iHδt. For a
unitary operation δU described by a unitary operator
δU = e−iHδt = I − iHδt + O(δt2), the Choi operator
of the transformed operation by the basis randomization
comb JCRRP is given by using Eq. (68) as
J〈δU〉RP = |I〉〉〈〈I|+
∑
i
(−iU†iHUiδt)|I〉〉〈〈I|
+
∑
i
|I〉〉〈〈I|(−iU†iHUiδt)† +O(δt2). (74)
We see that the approximate neutralization for any uni-
tary operation in this class with an error of O(δt2) is
realized if the second and third terms in Eq. (74) vanish.
We further consider a quantum operation given by U =
e−iHt, and apply the basis randomization comb with RP
for each time interval δt = t/n where n is the number
of division of the Hamiltonian dynamics in the duration
time t. In this case, by considering δU = I − iHδt −
H2δt2/2 + O(δt3) as the unitary operator for each time
interval, we obtain J〈δU〉RP with coefficients defined by
Eq. (73) as
c00 = 1 + [(TrH)
2 − d(TrH2)]δt2/d2 +O(δt4)
c11 = (TrHX)
2δt2/d2
c22 = (TrHY )
2δt2/d2
c33 = (TrHZ)
2δt2/d2. (75)
When the basis randomization comb is applied n times,
the resulting quantum operation is given by (〈δU〉RP )n.
Since any multiplication of Pauli operations results also a
Pauli operation, the Choi operator of this operation can
be decomposed in the form of Eq. (73), namely,{
1 +
1
n
[(TrH)2 − d(TrH2)] t
2
d2
+O(
1
n2
)
}
Jid
+O(
1
n
)JX +O(
1
n
)JY +O(
1
n
)JZ . (76)
Thus, for large enough n, the basis randomization comb
with RP transforms any unitary operation generated by
Hamiltonian dynamics to
id +O(1/n), (77)
which is close to the identity operation, and thus this ba-
sis randomization comb is an approximate neutralization
comb if it is applied to a unitary operation generated by
Hamiltonian dynamics with a small enough interval t/n
n times.
The controlled version of (a single element of) this ba-
sis randomization comb JCRRP is determined by an op-
erator S0 as
JCRRP = |00〉〈00| ⊗ JRRP + |11〉〈11| ⊗ |I〉〉〈〈I|
+ |00〉〈11| ⊗ |S0〉〉〈〈I|+ |11〉〈00| ⊗ |I〉〉〈〈S0|. (78)
Note that the corresponding Kraus representation is
given by { 12Ui ⊗ U†i |Ui ∈ RP }, and S0 is in the form
of S0 =
1
2
∑
i α
∗
iUi ⊗ U†i with
∑
i |αi|2 = 1. The action
of JRRP on the Choi operator of an arbitrary unitary
operation |U〉〉〈〈U | is
Tr12[JRRP (|U〉〉〈〈U |)T ]
= |00〉〈00| ⊗ J〈U〉RP + |11〉〈11| ⊗ JU
+ |11〉〈00| ⊗ 〈〈U∗||I〉〉〈〈S0||U∗〉〉+ h.c., (79)
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and 〈〈U∗||S0〉〉 in the off-diagonal coherence term is eval-
uated as
〈〈U∗||S0〉〉 = 〈〈I|12(I1 ⊗ UT2 )
1
2
(
∑
i
α∗i (Ui)1 ⊗ (U∗i )2)(|I〉〉01 ⊗ |I〉〉23)
=
1
2
〈〈I|(
∑
i
α∗i (U
†
i UUi)1 ⊗ I2)(|I〉〉01 ⊗ |I〉〉23)
=
1
2
|
∑
i
α∗i (U
†
i UUi)〉〉03, (80)
where the subscripts denote the indices of the Hilbert
spaces of the target system.
By requiring the most coherently controlled identity
operation on the target system to be the identity opera-
tion in the extended system including the control system,
i.e., I 7→ |0〉〈0| ⊗ I + |1〉〈1| ⊗ I, Eq. (80) should satisfy
1
2
|
∑
i
α∗i (U
†
i IUi)〉〉03 = |I〉〉03,∑
i
αi = 2. (81)
Thus, the coefficients are αi = 1/2 for all i, and the
operator S0 is uniquely determined as
S0 =
1
4
(I ⊗ I +X ⊗X + Y ⊗ Y + Z ⊗ Z), (82)
and we obtain
〈〈U∗||S〉〉 = 1
4
|
∑
i
(U†i UUi)〉〉03. (83)
A Kraus representation of this most coherently controlled
neutralization comb is given by
{|0〉〈0| ⊗ I ⊗ I + |1〉〈1| ⊗ I ⊗ I,
|0〉〈0| ⊗X ⊗X + |1〉〈1| ⊗ I ⊗ I,
|0〉〈0| ⊗ Y ⊗ Y + |1〉〈1| ⊗ I ⊗ I,
|0〉〈0| ⊗ Z ⊗ Z + |1〉〈1| ⊗ I ⊗ I}, (84)
and one possible implementation in the quantum circuit
is shown in Fig. 10.
When we apply the controlled basis randomization
comb n times, since this comb does not change the state
of the control qubit, the term corresponding to Eq. (80)
is evaluated as
I ⊗ 1
4n
(
∑
i
U†i UUi)
n|I〉〉. (85)
For the case U = e−iHδt = I − iHδt−H2δt2/2 +O(δt3)
• •
Ui
0 A1 U†i
2 3
FIG. 10. A quantum circuit for the controlled basis random-
ization comb. The input quantum operation is A, and the
action of the basis randomization comb is given by applying
a pair of controlled unitary operations CUi chosen uniform
randomly from a set {Ui} and its inverse C†Ui before and after
the quantum operation A. By repeating this circuit n times,
the controlled unitary operation of a Hamiltonian dynamics
U = e−iHt is implemented with an error of O(1/n) with the
global phase factor θU = (TrH/d)t.
with δt = t/n, we have
1
4
(
∑
i
U†i UUi)
= I − iδt(1
4
∑
i
U†iHUi)
− 1
2
δt2(
1
4
∑
i
U†iH
2Ui) +O(δt
3)
= I − iδt(TrH)I/d− 1
2
δt2(TrH2)I/d+O(δt3), (86)
and we obtain
1
4n
(
∑
i
U†i UUi)
n = e−i(TrH/d)tI +O(1/n). (87)
Finally, we obtain the Choi operator of the quantum
operation transformed from U = e−iHt by the controlled
basis randomization comb with RP as
|00〉〈00| ⊗ JI + |11〉〈11| ⊗ JU (88)
+ |11〉〈00| ⊗ |ei(TrH/d)tU〉〉〈〈I|+ h.c.+O(1/n), (89)
which converges to the (fully coherently) controlled uni-
tary operation, that is Ce−iHt = |0〉〈0| ⊗ I + |1〉〈1| ⊗
ei(TrH/d)te−iHt in the limit of n→∞.
D. Basis randomization with Clifford operators
In the previous subsection, we considered the basis ran-
domization using a set of the Pauli operators RP , for
aiming to “nullify” the terms of O(δt) in Eq. (74). The
Choi operator of the transformed operation by the ba-
sis randomization comb given by Eq. (68) is of the form∑
i(U
†
i ⊗ UTi )JA(U†i ⊗ UTi )†. Since the Choi operator
of the identity operation, |I〉〉〈〈I|, is the fixed point of∫
dU(U† ⊗ UT ) · (U† ⊗ UT )†, it is expected that this
integral transforms any Choi operator approximately to
|I〉〉〈〈I|.
The corresponding effect can be achieved for
∑
i(U
†
i ⊗
UTi ) · (U†i ⊗ UTi )† if we choose the set S = {Ui} to be a
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2-design (by definition of 2-design) [33]. Thus, the basis
randomization by a 2-design may behave better than a
1-design, that is, the Pauli randomization. In this sub-
section, we analyze the basis randomization comb em-
ploying a 2-design using a set of the Clifford operators of
a 1-qubit system.
We first summarize the properties of the Clifford group
that we use in the following [34]. Clifford group GC is the
group of the operators by whom conjugation transforms
any Pauli operator in the Pauli group GP into another
Pauli operator, that is,
∀U ∈ GP , ∀V ∈ GC , V UV † ∈ GP . (90)
Note that the Clifford group has a trivial center Z
Z = {±I,±iI,±eipi4 I,±e3ipi4 I}, (91)
of which element can only change the global phase.
In the density operator formalism, any unitary opera-
tor representing a unitary operation appears together
with its complex conjugate, and thus the effect of the
global phase is always canceled. Thus, we only con-
sider RC , the residue class of GC divided by Z, that
is, RC := GC/Z. Since the set of the Pauli operators RP
is a normal subgroup of RC , we can define the residue
group RC/P := RC/GP .
The representative elements of RC/P is given by the
following six operators RC/P = {Vσ}, where σ is a per-
mutation among {1, 2, 3},
Vid = I (92)
V(1,2) =
(
1 0
0 i
)
(93)
V(2,3) =
1√
2
(
ei
pi
4 e−i
pi
4
e−i
pi
4 ei
pi
4
)
(94)
V(3,1) =
1√
2
(
1 1
1 −1
)
(95)
V(1,2,3) =
1√
2
(
1 i
1 −i
)
(96)
V(3,2,1) =
1√
2
(
1 1
i −i
)
. (97)
The Choi operator J〈A〉RC of the quantum operationA transformed by the basis randomization comb with the
set of the Clifford operators RC is given by
J〈A〉RC
=
1
24
∑
α,β
∑
Ui∈RP
∑
Vj∈RC/P
cα,β |U†i V †j αVjUi〉〉〈〈U†i V †j βVjUi|.
(98)
Since V †j αVj and V
†
j βVj are Pauli operators by definition
of the Clifford operators, we obtain
J〈A〉RC =
1
6
∑
α
∑
Vj∈RC/P
cα,α|V †j αVj〉〉〈〈V †j αVj | (99)
similarly to the calculation in Eq. (72). Note that the
following formula holds for α = Ui for i = 0, 1, 2, 3,
|VσUiV †σ 〉〉〈〈VσUiV †σ | = |Uσ(i)〉〉〈〈Uσ(i)|, (100)
where we set σ(0) := 0. This means that the matrix
element spanned by |X〉〉, |Y 〉〉, |Z〉〉 is completely mixed
by Clifford operations. Therefore, we obtain
J〈A〉RC = c00 · Jid +
c11 + c22 + c33
3
(JX + JY + JZ) .
(101)
By using the depolarizing channel D := (id + X + Y +
Z)/4, the Choi operator of the the transformed operation
is also represented as
J〈A〉RC =
(
c00 − c11 + c22 + c33
3
)
Jid
+
4
3
(c11 + c22 + c33) JD. (102)
Similarly to the case of the basis randomization comb
with RP , we consider the quantum operation given by a
time-independent Hamiltonian H, i.e. U = e−iHt, and
apply the basis randomization comb for each time inter-
val δt = t/n. When the basis randomization with RC
is applied n times, the Choi operator of the transformed
operation is given by{
1 +
1
n
[(TrH)2 − d(TrH2)] t
2
d2
+O(
1
n2
)
}
Jid (103)
+O(
1
n
) (JX + JY + JZ) . (104)
The coefficient of Jid coincides with that for the case with
RP up to the order 1/n. However, the basis randomiza-
tion comb with RC performs worse than the case with RP
in the sense that the coefficient of Jid is smaller, when
the terms of O(1/n2) are considered. The basis random-
ization comb with RC transforms any unitary operation
generated by Hamiltonian dynamics to
id +O(1/n), (105)
which is close to the identity operation with error of
O(1/n), and thus this basis randomization comb is an
approximate neutralization comb.
The most coherently controlled version of (a single el-
ement of) the basis randomization comb JCRRC is de-
termined by an operator S0 similarly to the case of with
RP . The Kraus representation of the basis randomization
comb with RC is given by { 1√24Ui ⊗U
†
i |Ui ∈ RC}. Since
the dimension of the linear span of L(C2⊗C2) is 16 while
this set contains 24( > 16) elements, this set of operators
is over-complete. Thus we need to find an orthogonal
Kraus representation. The span of the Kraus representa-
tion is invariant under the swap operation Uswap between
the first and the second Hilbert space, because any ele-
ment is of the form K =
∑
i αiUi ⊗ U†i with Ui ∈ RC ,
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and UswapKUswap is also in the span. Thus, the span is
in the d(d+ 1)/2 = 10 dimensional symmetric subspace.
By calculating the spectral decomposition of the Choi
operator corresponding to this Kraus representation, we
can check that the Kraus operators actually span the 10
dimensional symmetric subspace. Specifically, the Kraus
representation is given by
{S0 = 1
4
(I ⊗ I +X ⊗X + Y ⊗ Y + Z ⊗ Z), S1, . . . , S9},
(106)
where {Si} is a set of orthogonal operators in the sym-
metric subspace satisfying TrS†i Si = 1/3 for i = 1, . . . , 9.
Note that TrS†0S0 = 1. Thus, the off-diagonal coherent
term of the most coherent controlled comb is character-
ized by
S0 =
1
4
(I ⊗ I +X ⊗X + Y ⊗ Y + Z ⊗ Z), (107)
which coincides to the case with the basis randomization
with Pauli operators2. This indicates that the maximum
off-diagonal coherent term are same for controllization of
the basis randomization comb with RP and RC for up to
O(1/n) approximation.
Since the basis randomization comb with RC does not
behave better than the one with RP for Hamiltonian dy-
namics with the terms of up to O(1/n), and the coher-
ent terms of both cases coincide, we conclude that using
the Clifford operators does not improve controllization
of Hamiltonian dynamics. Moreover, the analysis of the
terms with O(1/n2) shows that the performance of the
basis randomization with RC as approximate neutraliza-
tion turns out to be worse than that of RP in general.
Thus, it is enough to use RP for the task of controlliza-
tion of Hamiltonian dynamics using the most coherently
controlled basis randomization comb.
V. CONCLUSION
We have defined a controlled quantum operation of a
general deterministic quantum operation based on two
physical implementations and a set of axioms, which co-
incide with each other. We then analyzed the coher-
ence between the quantum operations on different con-
trol qubit states, and gave a characterization of the con-
trolled quantum operations that maximize the coherence,
which we call as the most coherently controlled quan-
tum operation. This definition on quantum operation is
extended to quantum combs, and we defined controlled
quantum combs and the most coherently controlled quan-
tum combs. The definition of the most coherently con-
trolled quantum operation or comb can be generalized
to the controlled two arbitrary quantum operations or
combs, if one of them has a Kraus representation con-
sisting of a single Kraus operator. It is an open question
how to define and find the most coherently controlled two
general quantum operations or combs. We note that it
is also possible to consider a generalization to the case
where the control system is a d-dimensional qudit, in-
stead of a qubit, and applying different quantum oper-
ations or combs depending on the state of the control
system.
We showed a relation between controlled quantum op-
erations and controlled quantum combs, by introducing
the neutralization combs. While the most coherently con-
trolled quantum comb do not always implement the most
coherently controlled quantum operation in general, we
showed that this is possible by restricting the input quan-
tum operations to be the same unitary operation, and
show that if the unitary operation U represented by a
unitary operator U is divisible to d products of U1/d, the
most coherently controlled neutralization comb provide
an implementation of the fully coherently controlled uni-
tary operation of U . We also introduce approximate neu-
tralization combs for Hamiltonian dynamics represented
by a unitary operator U = e−iHt, implemented by the
basis randomization combs with the Pauli operators and
the Clifford operators. And we show that the most coher-
ently controlled basis randomization comb can be used
for controllization of the Hamiltonian dynamics, which is
an infinitely divisible unitary operation.
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2 Precisely, the global phase is not uniquely determined by max-
imizing the Hilbert-Schmidt norm of the operator, and eiθS0
for any real parameter θ is also a candidate instead of S0. We
choose θ = 0 by requiring the most coherently controlled version
of the identity operation to be also the identity operation, i.e.,
I 7→ |0〉〈0| ⊗ I + |1〉〈1| ⊗ I.
16
[1] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information: 10th Anniversary Edition.
Cambridge University Press, 2010.
[2] M. M. Wilde, Quantum Information Theory.
Cambridge University Press, 2013.
[3] J. Watrous, “Advanced topics in quantum information
processing.” https:
//cs.uwaterloo.ca/~watrous/LectureNotes.html,
2004.
[4] A. Y. Kitaev, “Quantum measurements and the
Abelian Stabilizer Problem,” arXiv:quant-ph/9511026
[quant-ph].
[5] E. Knill and R. Laflamme, “Power of One Bit of
Quantum Information,” Phys. Rev. Lett. 81 no. 25,
(Dec, 1998) 5672–5675, arXiv:quant-ph/9802037
[quant-ph].
[6] G. Chiribella, G. M. D’Ariano, P. Perinotti, and
B. Valiron, “Quantum computations without definite
causal structure,” Phys. Rev. A 88 no. 2, (Aug, 2013)
022318, arXiv:0912.0195 [quant-ph].
[7] D. Ebler, S. Salek, and G. Chiribella, “Enhanced
Communication with the Assistance of Indefinite Causal
Order,” Phys. Rev. Lett. 120 no. 12, (Mar, 2018)
120502, arXiv:1711.10165 [quant-ph].
[8] G. Chiribella, M. Banik, S. Sankar Bhattacharya,
T. Guha, M. Alimuddin, A. Roy, S. Saha, S. Agrawal,
and G. Kar, “Indefinite causal order enables perfect
quantum communication with zero capacity channel,”
arXiv:1810.10457 [quant-ph].
[9] Y. Guo, X.-M. Hu, Z.-B. Hou, H. Cao, J.-M. Cui, B.-H.
Liu, Y.-F. Huang, C.-F. Li, and G.-C. Guo,
“Experimental investigating communication in a
superposition of causal orders,” arXiv:1811.07526
[quant-ph].
[10] A. A. Abbott, J. Wechs, D. Horsman, M. Mhalla, and
C. Branciard, “Communication through coherent
control of quantum channels,” arXiv:1810.09826
[quant-ph].
[11] P. A. Gue´rin, G. Rubino, and Cˇ. Brukner,
“Communication through quantum-controlled noise,”
Phys. Rev. A 99 (Jun, 2019) 062317.
[12] K. Temme, T. J. Osborne, K. G. Vollbrecht, D. Poulin,
and F. Verstraete, “Quantum Metropolis sampling,”
Nature (London) 471 no. 7336, (Mar, 2011) 87–90,
arXiv:0911.3635 [quant-ph].
[13] R. Raussendorf and H. J. Briegel, “A one-way quantum
computer,” Phys. Rev. Lett. 86 (May, 2001) 5188–5191.
[14] G. Chiribella, G. M. D’Ariano, and P. Perinotti,
“Quantum Circuit Architecture,” Phys. Rev. Lett. 101
no. 6, (Aug, 2008) 060401, arXiv:0712.1325
[quant-ph].
[15] G. Chiribella, G. M. D’Ariano, and P. Perinotti,
“Transforming quantum operations: Quantum
supermaps,” EPL (Europhysics Letters) 83 no. 3, (Aug,
2008) 30004, arXiv:0804.0180 [quant-ph].
[16] A. Bisio, G. Chiribella, G. M. D’Ariano, S. Facchini,
and P. Perinotti, “Optimal quantum learning of a
unitary transformation,” Phys. Rev. A 81 no. 3, (Mar,
2010) 032324, arXiv:0903.0543 [quant-ph].
[17] M. T. Quintino, Q. Dong, A. Shimbo, A. Soeda, and
M. Murao, “Reversing unknown quantum
transformations: A universal quantum circuit for
inverting general unitary operations,” Phys. Rev. Lett.
123 (Nov, 2019) 210502, arXiv:1810.06944
[quant-ph].
[18] J. Thompson, K. Modi, V. Vedral, and M. Gu,
“Quantum plug n’ play: modular computation in the
quantum regime,” New Journal of Physics 20 no. 1,
(Jan, 2018) 013004.
[19] M. Arau´jo, A. Feix, F. Costa, and Cˇ. Brukner,
“Quantum circuits cannot control unknown
operations,” New Journal of Physics 16 no. 9, (Sep,
2014) 093026, arXiv:1309.7976 [quant-ph].
[20] N. Friis, V. Dunjko, W. Du¨r, and H. J. Briegel,
“Implementing quantum control for unknown
subroutines,” Phys. Rev. A 89 no. 3, (Mar, 2014)
030303, arXiv:1401.8128 [quant-ph].
[21] A. Soeda, “Limitations on quantum subroutine
designing due to the linear structure of quantum
operators,” in Talk at International Conference on
Quantum Information (ICQIT). 2013.
[22] S. Nakayama, A. Soeda, and M. Murao, “Quantum
algorithm for universal implementation of the projective
measurement of energy,” Phys. Rev. Lett. 114 (May,
2015) 190501.
[23] A. Bisio, M. Dall’Arno, and P. Perinotti, “Quantum
conditional operations,” Phys. Rev. A 94 no. 2, (Aug,
2016) 022340, arXiv:1509.01062 [quant-ph].
[24] X.-Q. Zhou, T. C. Ralph, P. Kalasuwan, M. Zhang,
A. Peruzzo, B. P. Lanyon, and J. L. O’Brien, “Adding
control to arbitrary unknown quantum operations,”
Nature Communications 2 (Aug, 2011) 413,
arXiv:1006.2670 [quant-ph].
[25] K. Kraus, States, effects and operations: fundamental
notions of quantum theory. Springer, 1983.
[26] M.-D. Choi, “Completely positive linear maps on
complex matrices,” Linear Algebra and its Applications
10 no. 3, (1975) 285–290.
[27] A. Jamio lkowski, “Linear transformations which
preserve trace and positive semidefiniteness of
operators,” Reports on Mathematical Physics 3 no. 4,
(1972) 275–278.
[28] W. F. Stinespring, “Positive functions on c*-algebras,”
Proceedings of the American Mathematical Society 6
no. 2, (1955) 211–216.
http://www.jstor.org/stable/2032342.
[29] G. Chiribella and H. Kristja´nsson, “Quantum Shannon
theory with superpositions of trajectories,” Proceedings
of the Royal Society of London Series A 475 no. 2225,
(May, 2019) 20180903, arXiv:1812.05292 [quant-ph].
[30] A. Gilchrist, N. K. Langford, and M. A. Nielsen,
“Distance measures to compare real and ideal quantum
processes,” Phys. Rev. A 71 no. 6, (Jun, 2005) 062310,
arXiv:quant-ph/0408063 [quant-ph].
[31] I. Jex, G. Alber, S. M. Barnett, and A. Delgado,
“Antisymmetric multi-partite quantum states and their
applications,” Fortschritte der Physik 51 no. 2, (Mar,
2003) 172–178, arXiv:quant-ph/0209062 [quant-ph].
[32] A. Roy and A. J. Scott, “Unitary designs and codes,”
arXiv:0809.3813 [math.CO].
[33] C. Dankert, R. Cleve, J. Emerson, and E. Livine,
“Exact and approximate unitary 2-designs and their
application to fidelity estimation,” Phys. Rev. A 80
no. 1, (Jul, 2009) 012304, arXiv:quant-ph/0606161
[quant-ph].
[34] J. Tolar, “On Clifford groups in quantum computing,”
in Journal of Physics Conference Series, vol. 1071 of
Journal of Physics Conference Series, p. 012022. Aug,
17
2018. arXiv:1810.10259 [quant-ph].
Appendix A: Kraus representation for quantum
combs
In this appendix, we derive the conditions for an N -
slot quantum comb S : L(H1 ⊗ H2 ⊗ · · · ⊗ H2N ) →
L(H0 ⊗H2N+1) in terms of its Kraus representation, in-
stead of the Choi representation. Let {Si} be the Kraus
representation of S, that is,
S [J ] =
∑
i
SiJS
†
i , (A1)
with Si : H1 ⊗ · · · ⊗ H2N → H0 ⊗ H2N+1. Since the
complete positivity condition of a quantum comb given
by Eq. (40) is automatically satisfied by the form of the
Kraus representation, the only remaining condition to be
derived is the condition given by Eq. (41).
We first consider the condition given by Eq. (41) for
k = N , that is,
Tr2N+1JS = Tr2N,2N+1JS ⊗ I2N
d2N
, (A2)
where JS is the Choi operator of S. This condition is
equivalent to
Tr0;2N−1(A0 ⊗B1;2N−1 ⊗ I2N )Tr2N+1JS
= Tr0;2N−1(A0 ⊗B1;2N−1 ⊗ I2N )Tr2N,2N+1JS ⊗ I2N
d2N
= c · I2N (A3)
where Tr0;2N−1 denotes the partial trace taken over
H0⊗H1⊗· · ·⊗H2N−1, holding for any A0 ∈ L(H0) and
B1;2N−1 ∈ L(H1 ⊗ · · · ⊗ H2N−1) and a complex number
depending on A0, B1;2N1 .
By rewriting the Choi operator JS in terms of the
Kraus operators {Si}, the equality
Tr0;2N−1(A0 ⊗B1;2N−1 ⊗ I2N )Tr2N+1JS
=
∑
k,k′
|k〉〈k′|2N · Tr2N
[|k〉〈k′|2N
× Tr1;2N−1(B1;2N−1 ⊗ I2N )
∑
i
S†i (A0 ⊗ I2N+1)Si
]
,
(A4)
holds for any A0 ∈ L(H0) and B1;2N−1 ∈ L(H1 ⊗ · · · ⊗
H2N−1). Thus we obtain the following condition in terms
of the Kraus operators {Si}: For any linear operators
A0 ∈ L(H0) and B1;2N−1 ∈ L(H1 ⊗ · · · ⊗ H2N−1), the
following equality holds
Tr1;2N−1
(
(B1;2N−1 ⊗ I2N )
∑
i
S†i (A0 ⊗ I2N+1)Si
)
= c · I2N ,
(A5)
FIG. 11. (Above) An N -slot quantum comb S, an abstract
description of a quantum circuit which calls N quantum op-
erations Ak for k = 1, 2, · · · , N . (Below) The (N − 1)-slot
quantum comb S(1) : H1⊗H2⊗· · ·⊗(H2N−2⊗H2N )→ H0⊗
(H2N−1 ⊗H2N+1) induced from the N -slot quantum comb S.
The (N − k)-slot quantum comb S(k) for k = 1, 2, · · · , N − 1
is defined by repeating this procedure.
where c is a complex number given by the trace of the
l.h.s. divided by d2N .
An N -slot quantum comb S can be redefined as an
(N -1)-slot quantum comb denoted by S(1) : L(H1⊗· · ·⊗
H2N−4 ⊗ H′2N−2) → L(H0 ⊗ H′2N−1) with H′2N−2 =
H2N−2⊗H2N andH′2N−1 = H2N−1⊗H2N+1, as shown in
Fig. 11. The corresponding Kraus representation {S(1)i }
is given as
S
(1)
i = Si|I2N−1〉〉2N−1,2N−1, (A6)
where S
(1)
i can be understood as the operator Si with its
domain H2N−1 been moved to the range. Recursively,
we can define an (N -k)-slot quantum combs S(k), and its
Kraus representation {S(k)i } of S(k) is given as
S
(k)
i = Si|I2N−2k+1〉〉 ⊗ |I2N−2k+3〉〉 ⊗ · · · ⊗ |I2N−1〉〉.
(A7)
We also set S0 := S and S(0)i := Si.
Then the condition Eq. (A5) can be transformed to
the condition for S(k) with k = 0, 1, . . . , N − 1, which
correspond to the condition Eq. (41) with N−k, as shown
in the following. Note that Eq. (A5) corresponds to the
case of k = 0. For all liner operators A0 and B1;2N−2k−1,
there is a complex number c such that
Tr1;2N−2k−1
(
(B1;2N−2k−1 ⊗ IH(k))
×
∑
i
S
(k)†
i (A0 ⊗ IK(k))S(k)i
)
= c · IH(k) ,
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where
H(k) =
k⊗
l=0
H2N−2l, (A8)
K(k) =
k⊗
l=0
H2N−2l+1. (A9)
The remaining condition given by Eq. (41) is the one for
k = 0, and it is equivalent to
TrK(N)JS = IH(N) , (A10)
when all other conditions given by Eq. (41) are satisfied.
Since this condition is similar to the trace preserving con-
dition of a map fromH(N) to K(N), it can be written with
〈〈I0|S(N)i as
∑
i S
(N)†
i |I0〉〉〈〈I0|S(N)i = IH(N) , equivalently,
we obtain
TrK(N)
∑
i
S†i (|I0〉〉〈〈I0|0,0 ⊗ I2N+1)Si = IH(N) . (A11)
As the complete positivity of the quantum comb
Eq. (40) is automatically satisfied, the condition for
quantum comb in terms of the Kraus representation is
given by Eq. (A8) with k = 0, 1, . . . , N−1 and Eq. (A11).
